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Abstract—Parallel resonant DC-DC converter operating in
continuous conduction mode with variable frequency modulation
is considered in this work. Existing techniques to arrive at
the plant model of the converter relies on extended describing
functions based approach which ignores the effect of harmonics
and considers only the fundamental component. The proposed
small signal modeling approach is based on the state plane
analysis of the resonant converter which is exact and considers
all the operating modes of the converter. In conjunction with
basic averaging techniques used in Discontinuous Conduction
Mode (DCM) of PWM converters, closed form expressions
for the open loop control to output transfer function of the
converter is derived. The closed form expressions are shown to be
accurate upto (1/20)th of the switching frequency. Simulation and
experimental data on a 5 kW prototype is presented to validate
the analysis.

Index Terms—Parallel resonance, Resonant Converter, Small
signal modeling, State Plane Analysis, Variable Frequency Mod-
ulation, Zero voltage switching

I. INTRODUCTION

Isolated DC-DC converters are used extensively today in a
number of varied applications like grid integration of renew-
able energy resources, electric traction, high voltage medical
equipment etc. [1]. Buck derived phase-shifted full-bridge
converters have been popular as they are easy to control and
design. However, these converters have certain issues like re-
duced Zero Voltage Switching (ZVS) range and higher device
stresses due to parasitic ringing on the secondary devices
[2]. Resonant converters address these issues by providing
soft-switching over a wide range and low electro-magnetic
interference etc. A family of resonant converters are reported
which are classified based on the number and combination
of resonant elements. Series Resonant Converters (SRC) [3],
[4] and Parallel Resonant Converters (PRC) [5] are popular
two element resonant converters while, LLC, LCC and LCC-
T are a few three element resonant converters [6]. Since
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both SRC and PRC comprise only two resonating elements,
these converters are adopted for different applications. For
high voltage step-up applications, PRC is preferred over SRC
since the parallel resonant tank can be designed to meet the
required voltage gain. Additionally, due to high short-circuit
input impedance of the tank, PRC offers inherent short-circuit
protection feature [7].

Control of resonant converters is typically carried out either

using Variable Frequency Modulation (VFM) or using Phase
Shift Modulation (PSM). For various applications of resonant
converters, VFEM is preferred over PSM as it offers lower RMS
current [8]. Quite a few recent literature is focused on the
VEM based control of SRC [9], [10]. Beat frequency dynamics
due to the interaction between the resonant elements and the
output low pass filter is investigated in [11] which is based on
small signal analysis of PRC. Exact analysis of PRC using the
state plane has been proposed in [12]. The control to output
transfer function derived here is validated experimentally.
However, the resultant expressions are complex and do not
provide physical insights that can be used for controller design.
Extended Describing Function (EDF) approach is used to
derive an approximate small signal model of PRC [13]. But,
this technique is based on Fundamental Harmonic Approxi-
mation (FHA) which is inaccurate at light loads and when
operating away from the resonant frequency [14]. A generic
small signal modeling approach based on multi-frequency
analysis is presented in [15]. With this method, though very
accurate results are obtained for SRC, the associated analysis
is quite complex. So, extension of this approach to PRC is not
straightforward. A method to perform small signal analysis of
PRC, that is accurate yet but simple and provides sufficient
insight into the converter characteristics, is lacking.
In this paper, small signal model of PRC is derived using state
plane analysis and averaging technique typically used in DCM
operated PWM converters. The key contributions of this paper
are as follows
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Fig. 1. Circuit topology of parallel resonant converter.

Small signal averaging of the LC filter and load is done
Small signal transfer functions of the PRC is derived
without any approximations

The derived closed form expressions shall be conducive
to control loop design

The rest of the paper is organized as follows. Section II
describes steady state analysis of PRC. Small signal model
of PRC is derived in Section III. Analytical, simulation and
experimental results are shared in Section IV followed by
conclusions in Section V.

II. STEADY STATE ANALYSIS

A Parallel Resonant (PR) based DC-DC converter is shown
in Fig. 1. The primary bridge consisting of devices Q1 to
Qg4 is operated at high switching frequency to generate 50%
duty cycle square-wave signal, Vap. This is applied to the
parallel resonant tank consisting of elements, Ly, C, and the
transformer with turns ration, 1 : n as shown in Fig. 1. The
resonant capacitance, Cr is placed in the secondary side so
that the leakage inductance of the transformer gets absorbed
in L. The diode bridge rectifies the high frequency AC input,
Vc and the second-order output filter, comprising inductance,
L¢ and capacitance, C¢, ensures ripple free output voltage,
V to the load. VFM based closed loop control architecture is
achieved by comparing the output voltage, V with a reference
voltage, Vyef and the error is fed to a controller. The output
of the controller drives a Voltage Controlled Oscillator (VCO)
to vary the switching frequency to ensure voltage regulation.

The exact converter gain derivation of the parallel resonant
converter is carried out using State Plane Analysis [16].
In order to analyze the converter operation in steady state,
the primary bridge is modeled as a square-wave source and

Pt
|

Reduced Equivalent Circuit Per Unit (PU) Equivalent Circuit

Fig. 2. Parallel Resonant DC-DC converter. (a) Equivalent circuit
reflected at transformer secondary. (b) PU equivalent circuit.

TABLE I
PER-UNITISATION BASE PARAMETERS

Description Formula
Base Voltage, Vp Ve
Base Impedance, Rp nHerC.—
Base Current, Iy, beBb
Base Frequency, Ty 1=2 n" L,C,

reflected to the secondary side of the transformer along-with
the resonant tank inductor as shown in Fig. 2(a). Applying
small ripple approximation on filter inductor current, the load
resistance, R along-with the filter is modeled as constant
current sink of magnitude, | = V=R and presented in Fig.
2(a).

For ease of analysis, the equivalent circuit shown in Fig.
2(a) is normalized with the base quantities given in Table I.
Electrical variables of the converter are expressed in Per Unit
(PU) form and listed in Table II. The operation of the diode
bridge rectifier is to effectively apply a square wave current
source equal to | based on the polarity of the input voltage, V¢
and thus be modeled as a voltage dependent (V¢ ) current sink
where, ig I. Accordingly, the reduced order PU equivalent
circuit is derived and shown in Fig. 2(b). Here, mgp represents
the tank input voltage in PU while, j and m¢ are the PU
state variables. With the following mode analysis, the converter
gain, M shall now be derived as a function of the PU load
current, J and PU switching frequency, F.

TABLE 11
PU QUANTITIES

Description Formula
Resonant capacitor voltage, Mc Vc=Vp
Resonant inductor current, ji_ iL=ly
Switching frequency, F fs=Ff,
Rectifier input current, js is=lp
Inductance voltage drop, m_ v =Vp
Angular half-period, =F
Output current, J I=1y
Voltage gain, M V=V
Angle variable, 2 fpt
Base angular frequency, !y 2 fy
Tank Voltage, Mgy Vab=Vp
PU Load Resistance, Q R=Ry

During steady-state operation of PRC, 4 distinct modes of
operation can be observed as shown in Fig. 3. While deriving
these modes, Continuous Conduction Mode (CCM) and above
resonance (F > 1) operation are considered. However, similar
circuits for below resonant (F < 1) can also be derived.
Circuit configurations in Mode 1 and 2 are obtained when
positive voltage (Mgp +1) is applied on the resonant
tank while Modes 3 and 4 are observed when Mg, = 1.
The key waveforms of the PRC as a function of the angle
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variable, is plotted in Fig. 4. The modes of operation of
the converter is highlighted in the diode bridge rectifier input
current waveform, js. The angular time-period, is the period
for which the converter operates in Mode 1. Similarly, is
the period of operation in Mode 2. The average value of the
rectified capacitor voltage, Jmc]j is the output voltage, which is
basically the normalized voltage gain, M, as indicated in Fig.
4. Assuming all components in the PRC are ideal, A brief
explanation of the converter operation under these modes is
given below.

A. Mode 1: 0 < <

This mode starts at instant, 0 in Fig. 4 when switch
Q2 in Fig. 1 is turned OFF. Since the direction of
current i is negative, anti-parallel diode, Dj; conducts
the current and ensures ZVS turn ON of device Q1. After
the current, i_, becomes positive, device Qi takes over
the current conduction from diode, D;. The governing
equations of the converter under this mode is given below

dmc
d

de L me=1 )

q J=j. @

B. Mode 2:

This mode starts at instant, in Fig. 4 when the current
into the diode bridge rectifier, is in Fig. 1 commutes causing
diodes Ds and Dg to start conduction. The changeover to
Mode 2 from Mode 1 based on the polarity of capacitor
voltage, mc is also highlighted in Fig. 4. The governing
equations of the converter under this mode is given below

< < +

dmc
d

Ivme=1 0

+I=j. 4

This mode ends when device Q1 is turned OFF at the instant

+ = . Since half-wave symmetry is maintained under
steady state, operation of converter in modes 3 and 4 will be
symmetrical with Modes 1 and 2.

C. Converter Gain

Average of the rectified capacitor voltage, jmcj shown in
Fig. 4 is applied on the load. The expression for mc( ) shall

1, mc <0

(©) May = 1,mc =0 (d) Ma =

Fig. 3. Normalized equivalent circuit of PRC under different operating
modes. (a) Mode 1, (b) Mode 2, (c) Mode 3 and (d) Mode 4.
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Fig. 4. Key waveforms of PRC as a function of angle variable,

be arrived at based on the state variable expressions derived
in (1) to (4). We can now write the expression for converter
gain as given below.

1 Z o«
M=- mc( )d (5)
Mc( ) from (3) in the period to + = can be plugged
into (5). Similarly, the expression for mc () can be substituted
from (1) considering that the input voltage Mgy is 1 in the
period, to + . Applying these substitutions in (5)

_1n di. * . ,©
M == . 1 3 d
(6)
jLA
Mode 2 | m), jo)
2 fbt:

(m(©).j 0%
2

it =0
ZfEtZZ Mode 4

Fig. 5. State-plane portrait of the Parallel Resonant Converter (oper-
ating above resonance in CCM).
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The expression above can be rearranged to arrive at the
expression for M given below
Lnn? Z 4 o nZ «
M== 1d + 1d

oo
1:dj|_

)

Further reduction of (7) shall result in an expression
for the converter gain, M as a function of the
switching frequency, F and intermediate load dependent

inductance  current, J_( ) highlighted in Fig. 4.
M . = — 9
Moo riO) ® 2

In order to determine the converter gain, state plane of the
PRC is utilized. State plane is a plot of inductor current,
JL against capacitor voltage, m¢c as the angle variable,
evolves. Fig. 5 shows the state plane portrait of the PRC
operating in CCM with F > 1 [16]. Similar portrait can also
be drawn for the converter operation below resonance as
well as Discontinuous Conduction Mode (DCM). Operating
modes of the converter and the conduction angles, and
are also highlighted in Fig. 5. The intermediate steps to arrive
at the final converter gain expression is documented in detail
in [16]. The final expression of the converter gain of the PRC
operating in CCM is given below.
2 3
Mm=2a S0 g

(10)
c0S =

h i

cosﬁ+J5|n2—F (11

Closed form expression for the converter gain, M is thus
derived as a function of the switching frequency, F and load
current, J.

= cos !

D. Output Plane of PRC

The output plane of the PRC is plotted as load current, J
against M for various values of F and shown in Fig. 6. DCM
mode in the operation of the PRC is observed under large
load conditions. The boundary between DCM and CCM is
highlighted in Fig. 6. Few curves corresponding to CCM under
both above resonance (F > 1) and below resonance (F < 1)
are shown in this plot. From the nature of the curves, it can

15
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Fig. 6. Output design plane of the Parallel Resonant Converter.

be observed that these correspond to ellipses. The equation of
this ellipse can be written as [16]

MZ J2
ey + 2 1; (12)
where,
2F 1 coss=
=1 “—tan_—; (13 = "o,
a an 2F (13) b Sin 5 s

From (12), (13) and (14) using algebraic manipulations, it is
possible to express converter gain, M as a function of J and
F. The resultant expression which is common for both above
and below resonance is given below

aP——
M % 2 32 = h(F:J); (15)
where, p = 1 for F > 1l and p = 1 for F < 1. This
completes the steady state analysis of the PRC.

III. SMALL SIGNAL ANALYSIS

The goal of PRC small signal analysis is to derive a function
that relates the small signal variation in the output voltage,

M for a small change in the switching frequency, F. The
first step towards achieving this final expression is to analyze
the output filter section to arrive at the output admittance and
the output voltage gain.

A. Output Filter and Load

Derivation of small-signal model of PRC begins with the
consideration that the PU rectifier output voltage (M) aver-
aged over a switching cycle is equal to the normalized voltage
gain (M) at steady-state. This implies that M can be replaced
by Mc in (15). To establish a relationship between M and M
under small-signal perturbation, the LC filter network, shown
in Fig. 7, is analyzed as follows. The admittance and output
voltage gain transfer functions of the filter and load network
are written as

i(s) 1
- - = — ; 16
ve(s)i  sLg + (Rjj1=sCs) (16)
v(s) Rjj1=sC¢ (17

jve(s)i  sLr + (RjjL=sCr)’

The expressions given by (16) and (17) are large signal
relationships of the output filter network. It is obvious that the
same relationships hold good true for small signal variations

sL¢
__/YYY\
i(s) —

ve(®) == § v(s)

sCs ‘

Fig. 7. Output filter in Parallel Resonant Converter.
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in these variables as well. By applying the PU base parameters
from Table I, both equations above are written in the PU form
and given below

J(s) _ Rpl+s=t,

Mc(s) R D(s) ' (18)
M(s) _ 1 |
Mo(s) ~ D(s)’ 19

In the expression above, the denominator D(S) is the charac-
teristic polynomial. The expressions for D(S) and the resonant
pole, !¢ are given below

D(s) =s%=12 +s=Q¢ I + 1; (20)
Ve = # 21
'f m’ ( )

Similarly, the definition of the zero (1) and load quality factor
(Qf) are derived as

l _
=z RCf ’ (22)
s
Cr
= _ 23
Qf =R > (23)

B. Small signal perturbation in h(F;J)

From the output filter circuit shown in Fig. 7, it can
be inferred that the average value of the rectified capacitor
voltage, jmcj represented as M. is equal to the output voltage,
M. Hence, the expression for the output voltage in steady
state in (15) can be equated to the average rectified capacitor
voltage, Mc. It is now possible to perturb (15) and consider
only the first order terms [17] and apply Laplace transforms
to arrive at the following relationship in small-signal domain.

Mc(s) =K1 F(s)+Kz J(s) (24)
_ bh _@h
K, = @—F 30 25) K, = @7\] o (26)

From (18), (19) and (24), we can arrive at a block diagram
representation of the control structure of the PRC. Fig. 8
indicates this closed loop architecture. Using the relationships
derived in (18) and (24), the normalized small signal output

M(s)

M) [ M(s)
F RIS J(s)
(s)—».—» @ Mo(s) | Mc(s)

Fig. 8. Small signal block diagram representation of the PRC.

voltage to switching frequency transfer function is obtained
as
M(s) _ K1

= ; 27)
F(s) s2=172+s=Q¢l;+1

Interestingly, the resonant pole (!:c) and quality factor (Qof) in
this transfer function is different from the quantities derived
in (21) and (23). The modified expressions are given by

b= 1g  (28) <R
= 1 KR (g9
R
Q= (0  _, KRRCr
=1 =220 Gl
f

Following the similar steps, the normalized small signal filter
inductor current to switching frequency transfer function is
derived as
J(s) _ RpKi 1+s=1, )
F(s) R s2=12 +s=(Qp15) + 1’

(32)

This completes the analytical closed form derivation of the
control and current transfer functions of the PRC DC-DC
converter. The unknown coefficient, K; and K, are derived
in the following section.

C. Coefficient Derivation

In order to derive the coefficients, K; and K, (15) is
rewritten below in terms of M

P
M, = % b2 32 = h(F;J): (33)
The expression for K1 from (25) is derived as
P
— pa @b  p b2 J%2  Qa @b
TP —mer T v " %eF 0 Y

From the expressions of a and b given in (13) and (14)
respectively, the partial derivatives required for the solution
of Ky in (34) is derived as

@a _ 1 2 )

F - £ sec’ o= —tanﬁ. (35)
@ _ 7COS¥ 1. (36)
OF ~ 2F2 gipz__

2F

Similarly, from (26), we can arrive at the final expression of

Ky as given below
pad

K= P—:

T bz 32

This completes the derivation of all the relevant coefficients

required to evaluate the transfer functions of interest. It should

be noted that the proposed small signal analysis does not rely

on any additional assumption. However, the underlying as-

sumption in this approach is that the steady-state output plane

(37
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relationship of PRC, given by (15), is valid under small signal
perturbation in the switching frequency as well. This implies
that half-wave symmetry of the resonant inductor current, i,
and the resonant capacitor voltage, V¢, are maintained and the
average values of these state variables remain close to zero
even under small signal perturbation.

IV. SIMULATION AND EXPERIMENTAL RESULTS

Validation of the proposed small signal model of PRC is
carried out in simulation using LTSpice and also with an
experimental prototype. The converter specifications and the
details of the resonant tank parameters are given in Table III.
The load resistance used for the experiment is 37 . The details
of arriving at the required switching frequency for steady state
operation is described below. Based on the input voltage,

TABLE III

PRC SPECIFICATIONS AND PARAMETERS
Description Value
Input Voltage, Vgc 400 V
Output Voltage, V 400 V
Resonant Inductance, Ly 74 H
Resonant Capacitor, Cr 91 nF
Filter Inductance, L¢ 500 H
Filter Capacitor, C¢ 500 F
Transformer ratio, n 0.68
Base Resistance, Ry 13.4
Base Current, Iy 203 A
Base Frequency, Ty 61.7 kHz
Load Resistance, R 37

output voltage and transformer turns ratio, the converter gain,
M = 1:47 is derived from Table I and Table II. Based on
the load resistance, R = 37 at the output, the PU load
resistance, Q = R=R}, = 2:76 can be found from relationship
given in Table II. From M and Q, one can derive the PU
load current, J = M=Q = 0:53. To arrive at the steady

e,

Fig. 9. Experimental Setup of PRC.

Ve

i
Vab

Fig. 10. Frequency perturbation under steady state - [CH1] Capacitor
voltage - V¢ (500 V/Div), [CH2] Output Voltage - V (50 V/Div),
[CH3] Tank Input Voltage - Vap (500 V/Div), [CH4] Inductor current
- iL (25 A/Div).

state operating point of the converter for this particular load
condition, (10) and (11) are used to solve for PU switching
frequency, F = 1:23;fs = 75kHz at which the converter is
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Fig. 11. Zoom into switching waveform during frequency perturbation
- [CH1] Capacitor voltage - V¢ (500 V/Div), [CH2] Output Voltage -
V (50 V/Div), [CH3] Tank Input Voltage - Vap (500 V/Div), [CH4]
Inductor current - i (25 A/Div) (a) Zoom during peak of frequency
perturbation and (b) Zoom during valley of frequency perturbation.
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Fig. 12. Small signal control transfer functions of the PRC - Gain and
phase plots of Vv(s)= fs(s) at F = 1:02 and F = 1:16 - above
resonance.

operated.

The experimental setup used to validate the proposed small
signal model is shown in Fig. 9. A VCO as shown in Fig. 1 is
used to vary the switching frequency of the converter. During
steady state operation, the steady-state switching frequency,
s, is proportional to the VCO input voltage, V¢. Small signal
analysis is carried out by introducing a sinusoidal small signal
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Fig. 13. Small signal current transfer functions of the PRC - Gain and
phase plot of iL(s)= fs(s) at F = 1:02 and F = 1:16 - above
resonance.
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Fig. 14. Small signal Control transfer functions of the PRC - Gain
and phase plot of Vv(s)= fs(s) at F = 0:93 and F = 0:98 - below
resonance.

perturbation in the control variable under steady state and
determining the small signal component in the output variable
of interest. Perturbation is introduced in the VCO input to
modulate the switching frequency. The effective switching
frequency of the converter is now given as, fs + fi;, sin2 fit
where f,, << f5. Here, f, and fx denote magnitude and
frequency of perturbation, respectively. The frequency of the
perturbation, fx is swept in the frequency range of interest
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Fig. 15. Small signal current transfer functions of the PRC - Gain
and phase plot of i_(s)= fs(s) at F = 0:93 - below resonance.
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and the small signal gain of the converter at each frequency
is measured at each operating point. The key waveforms of
interest are shown in Fig. 10 for f, = 0:5kHz, fx = 5Hz
and fs = 75kHz. Peak-peak ripple ( V) in the small signal
envelope is noted to be 9V, as indicated in Fig. 10. For this
condition, analytical estimate of V is 8:3V, which is in close
agreement with the experimental data. Zoomed views near the
peak and valley of the small signal envelope are shown in Fig.
11(a) and Fig. 11(b) respectively. It can be observed from these
waveform that half-wave symmetry in inductor current (i)
and capacitor voltage (Vc) is maintained under both condi-
tions. This justifies the assumption that was made in derivation
of the small signal model is valid. Small signal frequency
response is obtained through LTSPICE simulation for a couple
of operating points above resonance (F = 1:16; F = 1:02).
At each operating point, load Q is adjusted to maintain the
same output voltage, M. The small signal output voltage to
switching frequency (— ((SS))) transfer function derived in (27)
is evaluated at these operating points. Analytical and simu-
lated transfer characteristics are presented together in Fig. 12.
Clearly, the transfer characteristics obtained from simulation
are in close agreement with the analytical predictions till
the frequency of perturbation is (1/20)th of the steady-state
switching frequency. The small signal filter inductor current
to switching frequency transfer function ( 'fzgg), derived in
(32) is also evaluated using simulation at the same operating
point above resonance (F = 1:16;F = 1:02). Fig. 13 plots
the gain and phase for the current transfer function using both
these methods. Again, a good correlation between analysis and
simulation is noted till the perturbation frequency is (1/20)th
of the switching frequency.

In order to ensure the validity of the transfer function
derived, converter is simulated at a couple of operating points
below resonance (F = 0:98;F = 0:93). The small signal
control transfer function of the converter below resonance are
plotted in Fig. 14. Similarly, the small signal current transfer
functions obtained from analysis and simulation are presented
together in Fig. 15 for (F = 0:93). Close agreement between
these results validate the proposed modeling approach for
below resonance condition as well.

V. CONCLUSION

Small signal modeling of the frequency modulated PRC
operating in CCM is discussed in this paper. Existing small
signal models are of higher order and involve significant
computational efforts. The proposed method utilizes steady-
state solutions of state-plane analysis and applies averaging
technique on the output filter. Closed form expressions for
the transfer functions of interest are derived. The derived
small signal model provides intuitive understanding of the
converter small signal behavior and lends itself to closed loop
design. Analytical predictions are validated through rigorous
simulation and also on a 5 kW experimental prototype. The
proposed small signal modeling approach is noted to be valid
till the frequency of perturbation is (1/20)th of the steady state
switching frequency. The small signal model developed in this

work can certainly be useful for designing high bandwidth
closed-loop control system for parallel resonant converters.
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